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Anovel approach for the rational positioning of ﬁber reinforcements onmasonry structures based on topol-
ogy optimization is presented. Due to the brittle behavior ofmasonry, theminimization of the strain energy
cannot be implemented to generate truss-like layouts that may be interpreted as strut-and-tie models in
the discontinuity regions of reinforced concrete structures. To cope with the brittleness of brickwork, the
optimal problemcanbe conveniently reduced to theminimization of the amount of reinforcement required
to keep tensile stresses in anymasonry element below a prescribed threshold. A strength criterion recently
proposed for masonry is employed, based on a lower bound limit analysis homogenization model (Milani,
2011) and relying upon a discretization of 1=4 of anyunit cell by six CST elements. Thanks to the limited num-
ber of variables involved, closed form solutions for the masonry macroscopic strength domain can be
obtained. This criterion is implemented into the multi-constrained discrete formulation of the topology
optimization algorithm, to locally control the stress ﬁeld over the design domain. For comparison, the phe-
nomenological Tsai–Wu strength criterion for anisotropic solids is also implemented.
The contribution discusses three sets of numerical results, addressing the ﬁber-reinforcement of some
benchmark masonry walls. The optimal reinforcement layouts are found to be affected by the choice of
the masonry strength criterion only to a limited extent, as far as failure in the masonry element is mainly
due to tensile stresses. Contrary to intuition, placing the reinforcing ﬁbers along the direction of the prin-
cipal tensile stresses in masonry is also found to be not necessarily the most effective solution, for certain
geometries and load conditions.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Making the built heritage safe is nowadays a problem of para-
mount importance, especially for countries, such as Italy, where
the number of historic and monumental buildings of great artistic
value is particularly important. These buildings are basically made
of brick or stone masonry, which is well known to be a brittle
material with negligible tensile strength: accordingly, they are ex-
tremely vulnerable to horizontal loads, ground settlements, etc.
Preservation of the built heritage is important not only in terms
of safety of the human life, but also for its fallouts in the ﬁeld of ci-
vil construction, as well as in the tourism industry.
The use of Fiber Reinforced Polymers (FRPs) for the retroﬁtting
of existing buildings has dramatically increased in the last decades,
mostly because of the need of meeting current standards, or to pro-
tect any damaged structural element from further environmental
aggression. Originally, this technique has been designed to retroﬁt
concrete structures (Norris et al., 1997; Triantaﬁllou, 1998): FRPll rights reserved.
: +39 0223994220.strips or sheets are mostly employed to externally reinforce
cracked r.c. beams (Arduini and Nanni, 1997), or to wrap columns
to enhance their mechanical performances under horizontal ac-
tions (Shahawya et al., 2000). More recently, externally bonded
FRP strips were also employed to retroﬁt or repair historic masonry
buildings. This methodology has several advantages over standard
retroﬁtting techniques, including ﬂexibility, effectiveness and
reversibility. Additionally, in the case of buildings in seismic re-
gions, FRP strips do not signiﬁcantly increase the structural mass
and the earthquake-induced inertia forces.
Despite FRP strengthening can be conveniently employed for
after shake rehabilitation or seismic upgrading of undamaged ma-
sonry structures, in presence of ground settlements this approach
is potentially dangerous, since masonry structures might sponta-
neously ﬁnd a new (safe) equilibrium conﬁguration and the appli-
cation of FRPs could lead them to ruinous collapse.
Laboratory tests and numerical models aimed at assessing the
effectiveness of FRPs in enhancing the mechanical performances
of masonry structures have been recently carried out on arches
(Foraboschi, 2001), masonry walls monotonically loaded in various
ways up to collapse (Grande et al., 2008; Milani, 2009, 2010) and
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quite updated overview of the experimental and numerical re-
searches carried out on masonry structural elements reinforced
by FRPs, readers are referred e.g. to Shrive (2006), Baratta and Corbi
(2007), Elmalich and Rabinovitch (2009), Oliveira et al. (2010), Bor-
ri et al. (2011), Caporale and Luciano (2012), etc. A critical issue of
the use of FRP strips in reinforcing masonry elements is the effec-
tiveness of the interfacial bonding. Delamination between exter-
nally bonded FRP and masonry surfaces can nullify the
strengthening effect of the reinforcement: this problem has been
experimentally investigated e.g. by Aiello and Sciolti (2008) and
Capozucca (2010). Appropriate surface treatments can avoid pre-
mature debonding at the masonry-FRP interface.
The analysis of the mechanical performances of masonry ele-
ments reinforced with FRP strips requires the utilization of suitably
developed mathematical tools be used. Masonry is usually re-
placed by an anisotropic homogeneous equivalent continuum,
whose mechanical properties can be derived by the theory of
homogenization applied to periodic media in the case of brickwork
with a regular pattern (see e.g. Anthoine, 1995; Pegon and Antho-
ine, 1997; Luciano and Sacco, 1998). Beyond the elastic limit, non-
linear effects such as plastic strains, strain softening,
microcracking, and debonding must be taken into account. This
was done e.g. by Luciano and Sacco (1998), who incorporated dam-
age effects within a homogenization procedure for brickwork; an
anisotropic Tsai–Hill-type strength criterion was employed for
the FRP strips, where damage phenomena were also supposed to
develop. Plastic strains, in addition to damage, in bricks and mortar
are taken into account by Marﬁa and Sacco (2001), who homoge-
nized masonry according to a 1D scheme; delamination and failure
of the FRP strips are also taken into account. If only the load carry-
ing capacity of the reinforced masonry elements is sought, limit
analysis coupled with homogenization theory can be employed
to derive the macroscopic strength properties of brickwork. This
was done e.g. by Grande et al. (2008), who predicted the ultimate
load of reinforced masonry walls tested in the laboratory. FRP
strips were assumed to be brittle-elastic, and damage effects at
the FRP-masonry interface were taken into account. An extension
of this numerical procedure to multi-leaf walls was recently pro-
posed by Milani (2010).
In the present work, attention is focused on in-plane loaded ma-
sonry walls. Out-of-plane failures, however, are quite common un-
der horizontal actions, such as earthquakes, and are the main cause
of collapse for buildings in seismic regions. This problem has been
extensively dealt with by De Felice (2011), who carried out a thor-
ough survey of the possible failure modes of unreinforced masonry
walls under static and dynamic out-of-plane loads. Recently,
Milani (2011) proposed failure surfaces for periodic brickwork un-
der out-of-plane loads, which were employed to develop a theoret-
ical model based on limit analysis to predict the collapse load of
transversely loaded masonry walls strengthened by FRP strips.
So far, the layout of the reinforcing FRP strips placed on labora-
tory samples or real structures has been basically driven by the
intuition, owing to the simplicity of the loading conditions, or by
the intent of healing existing cracks. A more rigorous approach
relying upon structural mechanics and optimization might be nec-
essary under complex load conditions or geometries. A preliminary
attempt toward a mechanically sound design of the reinforcing
path was made by Krevaikas and Triantaﬁllou (2005), who tried
to identify on a rational basis the optimal layout of FRP strips on
in-plane loaded masonry walls according to a strut-and-tie
scheme.
Topology optimization has already been used to generate en-
ergy-based truss-like layouts that may be straightforwardly inter-
preted as strut-and-tie models in concrete structures. The
minimization of the so-called structural compliance allows opti-mal load paths to be deﬁned, which may inspire a safe disposal
of the steel bars if the specimen is provided by the required ductil-
ity (see e.g. Liang et al., 2000; Bruggi, 2009). Due to the different
behavior of masonry in tension and compression, the minimization
of strain energy cannot be adopted as an objective. A stress-based
approach allows the unequal properties of masonry in tension and
compression to be dealt with through the implementation of ad-
hoc strength criteria, with the aim of detecting regions where brit-
tle behavior is to be expected. The problem may be therefore re-
formulated adopting the volume of the reinforcement (that is,
the cost) as the objective function to be minimized, while enforcing
constraints on the stress ﬁeld in the masonry element. Affordable
schemes for the stress-based optimization of continua adopt the
amount of material as objective function, which is coupled with
a set of local constraints over the domain. It can be shown that
the energy-based and the stress-based approaches provide very
similar results in presence of materials with symmetric behavior
in tension and compression, see e.g. Bruggi and Duysinx (2012):
accordingly, it seems reasonable to expect that the minimization
of the amount of volume under stress constraints can be conve-
niently adopted as a tool to generate optimal load paths in struc-
tural elements made of materials with non-symmetric behavior.
This paper investigates the use of this formulation: the ﬁber-
reinforcement of some benchmark masonry walls is addressed,
with different assumptions on the strength criterion adopted to
control the stress within the underlying brickwork.
The outline of the paper is as follows. First, some models pro-
posed to describe the macroscopic strength properties of brick-
work are recalled (Section 2). These include phenomenological-
type strength criteria for orthotropic media (Section 2.1), and a
model based on the theory of homogenization for periodic media,
recently developed to predict the macroscopic strength of in-plane
loaded masonry elements (Section 2.2). These models will be em-
ployed to check the admissibility of the stress at any point of the
masonry element to be reinforced, resorting to a local stress-con-
strained problem (see e.g. Duysinx and Bendsøe, 1998). Then, the
fundamentals of the adopted discrete formulation of topology opti-
mization are brieﬂy outlined; the mathematical problem to be
solved to achieve the optimal layout of a unidirectional reinforce-
ment to be bonded to any masonry element under given external
loads is formulated (Section 3). This technique spontaneously leads
to identify optimal reinforcement patterns that basically consist of
ties. One of the advantages of topology optimization is that
no a priori assumption regarding the position and the geometry
of the reinforcing strips is required. The potentialities of the pro-
posed approach are illustrated in Section 4 with reference to a
few case studies. Finally, the main ﬁndings of the work are summa-
rized and future perspectives of the research are outlined
(Section 5).2. Macroscopic strength domains for masonry
The topology optimization approach described in the following
section will be used to predict the most suitable distribution of FRP
that minimizes the volume of reinforcement to be applied to a gi-
ven masonry structure, provided that the stress state at any point
of the element fulﬁlls certain conditions. This requires the adoption
of a suitable model to describe the strength properties of the unre-
inforced brickwork.
In general, for a meaningful description of masonry at a struc-
tural level, a mechanical model should be capable of capturing
the typical behavior exhibited by a brickwork panel in the elastic
and inelastic range, namely orthotropy along the material symme-
try axes and different strength properties in tension and
compression.
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homogeneous equivalent orthotropic continuum, either using a di-
rect macroscopic approach (i.e. employing an existing suitable
plane-stress strength condition adapted to masonry), or by means
of a recently presented equilibrated homogenization model
(Milani, 2011).
Whereas in the former case the parameters describing the
strength condition are evaluated from available experimental data
on masonry specimens, in the latter model the macroscopic behav-
ior of masonry is predicted solving a suitable boundary values
problem formulated over a unit cell, hence requiring only the
knowledge of the mechanical properties of the constituent materi-
als (mortar and bricks).
2.1. Macroscopic approach: Tsai–Wu failure surface
At structural level, the ﬁrst approach considered to represent
the ultimate behavior of masonry consists in replacing the hetero-
geneous assemblage of blocks joined by mortar by a continuum
exhibiting anisotropic strength in tension and compression, with
convex and closed failure surface.
A quite simple criterion available in the literature, widely used
for ﬁber reinforced composite materials, but which may be easily
adapted to masonry, is the Tsai–Wu strength criterion (Tsai and
Wu, 1971). This criterion is a special case of those based on tensor
polynomials proposed by Wu (1974).
In plane stress conditions, the Tsai–Wu strength criterion is de-
ﬁned by the following expression:
f SW ¼ FiRi þ FijRiRj  1 6 0; ð1Þ
where, using Voigt notation, i, j = 1, 2 or 6, Ri must be intended as
any stress component at a structural level, and Fi and Fij are exper-
imentally determined material parameters. Summation over re-
peated indices is implied. Readers are referred to Tsai and Wu
(1971) for further details.
If the failure surface has to be closed and convex, the strength
coefﬁcients Fij must satisfy the following condition:
FiiFjj  F2ij P 0 ðno sum over i; jÞ; ð2Þ
which implies that all the terms with equal indices must be
positive.
For orthotropic materials, such as brickwork, referring to the
material symmetry axes x1(=x) and x2(=y), the Tsai–Wu failure cri-
terion explicitly reads:
F1R1 þ F2R2 þ F11R21 þ F22R22 þ F66R26 þ 2F12R1R2 ¼ 1: ð3Þ
As it is possible to notice from Eq. (3), the coefﬁcients necessary
to fully deﬁne the Tsai–Wu criterion in plane stress conditions are
six, namely F1, F2, F11, F22, F66 and F12.
Let the strength values in uniaxial tension and compression
along the two directions of orthotropy be denoted by ftx, fcx, fty
and fcy, respectively, and the cohesion by c. Then ﬁve of the coefﬁ-
cients (F1,F2,F11,F22,F66) entering the Tsai–Wu plane stress crite-
rion (3) may be determined by standard experimental tests and
can be expressed in terms of the above parameters as follows:
F1 ¼ 1ftx 
1
fcx
; F2 ¼ 1fty 
1
fcy
; F11 ¼ 1ftxfcx ;
F22 ¼ 1ftyfcy ; F66 ¼
1
c2
: ð4Þ
To fully characterize the material strength criterion, a non-stan-
dard test must be performed to determine the sixth coefﬁcient.
Typically, a test with r1 = r2 > 0 can be carried out, and the equibi-
axial tensile strength, fbxy, can be determined. Accordingly, F12
takes the following form:F12 ¼ 12f 2bxy
1 fbxy F1 þ F2ð Þ  f 2bxy F11 þ F22ð Þ
h i
: ð5Þ
From here onwards, x1(=x) will denote any axis parallel to the
bed joints and x2(=y) an axis parallel to the head joints, so that
R1(=Rxx) is the macroscopic horizontal stress, R2(=Ryy) the macro-
scopic vertical stress, and R6(=Rxy) the in-plane shear stress re-
ferred to the material symmetry axes.
2.2. Homogenization approach
The second approach used for masonry at a structural level is a
simple equilibrated limit analysis model presented in Milani
(2011), suitable to obtain masonry macroscopic in-plane failure
surfaces at a rather limited computational effort. Due to the re-
duced number of optimization variables involved, any standard
LP approach may be used, including simplex, active set and interior
point methods, to obtain homogenized masonry yield domains.
The representative volume element Y (RVE, or elementary cell)
depicted in Fig. 1 is considered. Y contains all the information nec-
essary to completely describe the macroscopic behavior of the en-
tire wall. If a running bond pattern is considered, as shown in Fig. 1,
it is expedient to adopt an elementary cell of rectangular shape.
Homogenization is a convenient strategy to analyze masonry
structures, both in the linear and in the non-linear range, since
the mechanical properties of the constituent materials (bricks
and mortar) are accounted for only at the cell level, and large scale
FE computations at the macro-scale can be performed without the
need to mesh joints and bricks separately.
Homogenization has long been used for the analysis of masonry
structures (Anthoine 1995), and has recently widespread in the
technical literature for complex analyses in the non-linear range
(see e.g. Sacco and Lebon, 2012; Mercatoris and Massart, 2012;
Mathieu et al., 2012; Rekik and Lebon, 2012; Bacigalupo and Gam-
barotta, 2012; Sy´kora et al., 2012; Šejnoha et al., 2009, etc.) includ-
ing damage models, heat and moisture processes, stochastic
homogenization, etc.
According to homogenization theory (Suquet, 1983; Anthoine,
1995; Cecchi and Sab, 2004; Cecchi and Sab, 2007; Pegon and
Anthoine, 1997), averaged quantities representing the macroscopic
strain and stress tensors (denoted by E and R, respectively) are de-
ﬁned as:
E ¼ hei ¼ 1
A
Z
Y
eðuÞdY ; R ¼ hri ¼ 1
A
Z
Y
rdY; ð6Þ
where A is the area of the 2D elementary cell, e and r stand for the
local quantities (stresses and strains respectively), and h⁄i is the
averaging operator.
The local stress (r) and displacement (u) ﬁelds must fulﬁll suit-
able periodicity conditions that read:
u ¼ Ey þ uper in Y
rn anti periodic on @Y

ð7Þ
where uper is the periodic part of the displacement ﬁeld,
y ¼ f y1 y2 y3 g is any point in the RVE in the local reference
frame, and oY is the boundary of the RVE (see Fig. 1).
Beyond the elastic range (Anthoine 1995), the simplest assump-
tion that can be made regarding constituent materials for homog-
enization purposes is that mortar and bricks have a rigid-plastic
behavior. In the framework of limit analysis, lower and upper
bound to the macroscopic strength properties of periodic media
have been formulated several decades ago by Suquet (1983). The
most straightforward strategy to numerically obtain these bounds
is to discretize the unit cell into Finite Elements exhibiting rigid-
plastic behavior and to solve constrained optimization problems.
In the present paper, a lower bound approach is adopted, with a
y 1
y 2
1. reduction of joints to interfaces
2. subdivision of the RVE into triangular FEs
3. non linearity concentrated on brick-brick and
mortar interfaces
a
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Fig. 1. The proposed micro-mechanical model. (a) Representative volume element; (b) anti-periodicity of the micro-stress ﬁeld and periodicity of the micro-strain ﬁeld; (c)
subdivision of the RVE into 24 CST triangular elements and (d) 1/4 into 6 elements; (e) equilibrium conditions at the interfaces.
xx
n
macroscopic strength domain
n
yy
xy
Fig. 2. General in-plane load. Meaning of the load multiplier k in the homogenized
stress space (Rxx ¼ kn1R ¼ ka, Ryy ¼ kn2R ¼ kb and Rxy ¼ kn3R ¼ kb).
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zation problem can be dealt with by means of few independent
variables, which is particularly suitable for analyses on small
RAM PC’s.
In the model, joints are reduced to interfaces of vanishing thick-
ness and blocks are discretized by means of a coarse mesh consti-
tuted by constant stress triangular elements (CST), as sketched in
Fig. 1. The choice of meshing 1/4 of the brick through at least 3 tri-
angular elements is due to the need of reproducing the presence of
shear stresses in the bed joints (element 2 in Fig. 1) under horizon-
tal stretching. In this way and with the coarse discretization
adopted, 1/4 of the RVE is meshed through six CST elements, indi-
cated in Fig. 1 by 1, 2, 3, 7, 8, 9. The generalization of the symbols to
the whole cell is straightforward. Failure is assumed to occur only
in the weakest component, i.e. the mortar joints, and bricks aresupposed to be inﬁnitely strong. This simplifying assumption
matches the failure modes of brickwork under many load condi-
tions of practical interest, see e.g. Lourenço and Rots (1997) and
Luciano and Sacco (1998).
From here onwards, the superscript (n) will indicate any
stress component belonging to the n-th element. Accordingly,
assuming the wall to undergo plane-stress conditions, the Cau-
chy stress tensor in the n-th CST element, r(n), is characterized
by the three non-vanishing components rðnÞxx (horizontal stress),
rðnÞyy (vertical stress) and rðnÞxy (shear stress, also denoted by s(n)
from here onwards).
Referring to the static approach of limit analysis (Milani, 2011),
and neglecting body forces, equilibrium within any element is a
priori satisﬁed, being the stress tensor element-wise constant
(divr = 0). On the contrary, two equality constraints involving
stress components in adjoining triangular elements have to be
prescribed at any internal interface. For instance, when dealing
with the interface between elements 1 and 2, the stress vector
must be continuous when passing from an element to the other.
It can be shown that stress components of elements (1) and (2)
are linked by the following two equations:
rð2Þxx ¼ rð1Þxx þ f sð1Þ  sð2Þ
 
; ð8Þrð2Þyy ¼ rð1Þyy þ f1 sð1Þ  sð2Þ
 
;
having denoted by f the ratio of the semi-length to the height of the
brick (f = b/2a). Similar equations must be written at all the remain-
ing interfaces, which are globally 28. A total of 56 equilibrium equa-
tions at the interfaces is obtained, whereas 73 are the unknowns of
the problem: 72 stress components (three for each triangular ele-
ment), and the load multiplier k.
Anti-periodicity constrains for the stress vector are prescribed
on the couples of triangles 1–6, 7–12, 13–18, 19–24, 1–19, 3–21,
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Table 1
Mechanical properties adopted in the numerical simulations presented: deep beam and windowed panel.
Ex (MPa) Ey (MPa) mxy Gxy (MPa)
Elastic properties
1412 1050 0.1762 367
ft (MPa) c (MPa) U () fc (MPa) W ()
Strength properties – homogenized model
0.11 0.1 37 10ft 90
ftx (MPa) fcx (MPa) fty (MPa) fcy (MPa) c (MPa) fbxy (MPa)
Strength properties – Tsai–Wu model
0.22 10ftx 0.5ftx 10fty 0.1 0.09113
F1 (MPa1) F2 (MPa1) F11 (MPa2) F22 (MPa2) F66 (MPa2) F12 (MPa2)
4.108 8.182 2.083 8.264 100 12.397
t
f
f
c
c
3
5
2
4
1
Fig. 3. Failure criterion adopted for mortar joints reduced to interfaces.
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ring to couple 1–6, stress anti-periodicity amounts at setting:
rð1Þxx ¼ rð6Þxx ; ð9Þ
sð1Þ ¼ sð6Þ:
Not all the equations are, however, linearly independent. In par-
ticular, it can be shown that the corner elements 1, 6, 19 and 24
provide 4 linearly dependent equations on shear.
To summarize, the optimization problem involves 73 un-
knowns, 68 linearly independent equations, and a set of inequality
constraints representing the yield conditions at the interfaces and
involving unknown stress components. The objective function, in0 0.05 0.1 0.15 0.2
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simply the load multiplier.
To estimate a single point of the homogenized yield domain it is
thus necessary to solve the following linear programming problem:
max k subject to
ka ¼
P24
i¼1r
ðiÞ
xxAi
2ab
kb ¼
P24
i¼1r
ðiÞ
yyAi
2ab
kc ¼
P24
i¼1s
ðiÞAi
2ab
AIeqX ¼ bIeq
AapeqX ¼ bapeq
f iEðrðiÞxx ;rðiÞyy; sðiÞÞ 6 0; i ¼ 1; . . . ;24
f iI ðrðiÞI ; sðiÞI Þ 6 0; i ¼ 1; . . . ;32:
8>>>>>>>><
>>>>>>>>>:
ð10ÞTable 2
Mechanical properties adopted in the numerical simulations presented
Ex (MPa) Ey (MPa)
Elastic properties
8000 6000
ftx (MPa) fcx (MPa) fty (MPa)
Strength properties – Tsai–Wu model
1.44 10ftx 0.56
F1 (MPa1) F2 (MPa1) F11 (MPa2)
0.6232 1.6071 0.0479
Fig. 6. Compressive diagonal test. Optimal distribution (a) and orientaThe symbols used in Eq. (10) have the following meaning:
– a, b and c indicate the components of the unit vector nR, see
Fig. 2, in the homogenized in-plane stress space. The solution
of the optimization problem (10) allows a point on the homog-
enized failure surface to be determined, having coordinates
Rxx = ak, Ryy = bk and Rxy = ck. Traditionally, sections of the
masonry failure surface are obtained assuming a ﬁxed angle #
between the bed joints and the principal stress R11, and varying
the angle w = tan1R22/R11, where R22 is the macroscopic verti-
cal action. In this framework, vector nR has the following
components:: compr
fcy (M
10fty
F22 (M
0.318
tion (b)n1R ¼
1
2
ðcosðwÞð1þ cosð2#ÞÞ þ sinðwÞð1 cosð2#ÞÞÞ;
n2R ¼
1
2
ðcosðwÞð1 cosð2#ÞÞ þ sinðwÞð1þ cosð2#ÞÞÞ;
n3R ¼
1
2
ðcosðwÞ  sinðwÞÞ sinð2#Þ:
ð11Þ– Ai is the area of the i-th element (ab/8 or ab/16);
– X is a 73  1 array, gathering all the LP problem unknowns (ele-
ment stress components and collapse multiplier). More pre-
cisely, the stress components in any element (i) are assembled
into X as Xð3ði 1Þ þ 1Þ ¼ rðiÞxx , Xð3ði 1Þ þ 2Þ ¼ rðiÞyy and
X(3(i  1) + 3) = s(i), whereas Xð73Þ ¼ k.
– AIeqX ¼ bIeq is a set of linear equations collecting equilibrium
constraints on all the interfaces. AIeq is a 56  73 matrix and
bIeq is a 56  1 array with entries equal to zero. To show practi-
cally how matrix AIeq is populated, let us consider the two equi-
librium equations to be imposed at the interface between
elements (1) and (2), i.e. Eq. (8). Assuming that Eq. (8) corre-
sponds to the ﬁrst two rows of matrix AIeq, all the entries in
these rows are equal to zero except for AIeqð1;1Þ ¼ 1,
AIeqð1;3Þ ¼ f AIeqð1;4Þ ¼ 1, AIeqð1;6Þ ¼ f, AIeqð2;2Þ ¼ 1,
AIeqð2;3Þ ¼ f1, AIeqð2;5Þ ¼ 1, AIeqð2;6Þ ¼ f1.essive diagonal test.
mxy Gxy (MPa)
0.2 2000
Pa) c (MPa) fbxy (MPa)
0.56 1.12
Pa2) F66 (MPa2) F12 (MPa2)
9 3.1888 0.4783
of the ﬁber-reinforcement according to Tsai–Wu criterion.
(b)(a)
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Fig. 7. Geometry of the structural examples analyzed: (a) deep beam; (b) windowed panel.
Fig. 8. Deep beam. Optimal distribution of ﬁber-reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
Fig. 9. Deep beam. Normal stress in the FRP elements along the ﬁber direction (in MPa) according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
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Fig. 10. Deep beam. Difference between the optimal orientation of the ﬁbers and the direction of the maximum (tensile) principal stress in the underlying brickwork
according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b); angles measured in sexagesimal degrees.
Fig. 11. Deep beam. Optimal ﬁber orientation of the reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
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therefore a set of 16 equations (some of them linearly depen-
dent). Thus, Aapeq is a 16  73 matrix and bapeq is a 16  1 array
with entries equal to zero. To show practically how matrix Aapeq
is populated, let us consider the two homologous elements (1)
and (6), where anti-periodicity holds at the vertical boundaries,
Eq. (9). Assuming that Eq. (9) corresponds to the ﬁrst two rows
of matrix Aapeq , hence A
ap
eqð1;1Þ ¼ 1, Aapeqð1;16Þ ¼ 1, Aapeqð2;3Þ ¼ 1,
Aapeqð2;18Þ ¼ 1.
– f iEðrðiÞxx ;rðiÞyy; sðiÞÞ 6 0 is a set of (possibly) non-linear inequalities
constraints representing the failure surface adopted for the i-
th element.
– f iIðrðiÞI ; sðiÞI Þ 6 0 8i ¼ 1; . . . ;32 plays the role of f iE at the inter-
faces, with rðiÞI and s
ðiÞ
I indicating the normal and shear stress
acting on the i-th interface, respectively. Two typologies of
interfaces are present in the model, namely brick-to-brick inter-
faces (which are inﬁnitely strong according to the assumption
previously made) and mortar joints. A Mohr–Coulomb failure
criterion with tension cutoff and linear cap in compression is
adopted for the interfaces modeling the mortar joints (Lourenço
and Rots, 1997). Hence, the constituent material failure surfaces
are inherently linear and no linearization routines are needed.
Non-linear failure surfaces, however, might be easily dealt with
within a linear programming scheme (abundant literature is
available on this topic, see e.g. Anderheggen and Knöpfel,1972; Sloan 1988): a discussion on the effects of the lineariza-
tion of non-linear failure surfaces, however, is beyond the scope
of the present paper and is, in any case, a classic issue that has
been extensively treated in specialized literature, see e.g. Sloan
(1988).
Equation (10) is a standard linear programming problem,
which allows collapse loads of entire structures to be estimated
within a FE approach, as stated for the ﬁrst time in Anderheggen
and Knöpfel (1972). Readers are referred to Sloan (1988) for a
critical discussion of efﬁcient (classical) LP, and to Krabbenhøft
et al. (2005, 2007) or Makrodimopoulos and Martin (2006) for
conic programming tools suited for solving Eq. (10).
2.3. Comparison between Tsai–Wu and homogenized failure surfaces
In the present section, a comparison between strength domains
obtained by the homogenization model and the Tsai–Wu macro-
scopic strength is discussed for a case of technical interest.
A header bond brickwork of thickness 250 mm with joints
10 mm thick, made of common Italian bricks of dimensions
250  120  55 mm3 (length width  height), is considered.
The mechanical parameters adopted for the proposed models
are listed in Table 1. The tensile strength and the cohesion of the
mortar joints are assumed to take the same values both in the
Fig. 12. Deep beam. (a) Tsai–Wu criterion; (b) homogenized failure surface. Top: Stress state in the most critical points in the 3D stress space. Center: contours of the failure
surface at different Rxy values. Bottom: location of the corresponding points in the panel.
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been deduced both from experimental tests and from theoretical
considerations (de Buhan and De Felice, 1997; Vermeltfoort,
2006). As bricks are assumed to be inﬁnitely strong, in Table 1 ft
corresponds to the tensile strength of the joints, fc is the compres-
sive strength, c is the cohesion, U is the friction angle and W de-ﬁnes the linearized shape of the compressive cap (Lourenço and
Rots, 1997), see Fig. 3.
In Fig. 4, a comparison between strength domain sections in the
tension–tension region obtained by the homogenization approach
and the Tsai–Wu criterion are depicted. In particular, in the
ﬁrst three sub-ﬁgures, strength domains sections at different
Fig. 13. Deep beam. Triple FRP layer. Optimal distribution of ﬁber-reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
Fig. 14. Deep beam. Triple FRP layer. Optimal ﬁber orientation of the reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
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cipal stress directions (R11) are plotted, whereas in the last subﬁg-
ure Rxx  Rxy sections are depicted. The good agreement among all
the admissible stress sets is worth to be noted. This is not surpris-
ing, as the parameters adopted for the Tsai–Wu were selected to ﬁt
as close as possible the homogenized strength domain. Although
this result suggests that both models would provide comparable
results at a structural level, some non-negligible differences may
be in any case possible. Furthermore, it has to be emphasized that
the Tsai–Wu criterion was formulated for ﬁber-reinforced compos-
ites: even though the correct tensile response of the material is
captured, the applicability of the Tsai–Wu criterion for masonry
subjected to biaxial compressive stresses, or to mixed tension
and compression, is questionable. Notwithstanding, the Tsai–Wu
criterion appears to be well suited to match the macroscopic fail-
ure of masonry, which is mainly due to tensile stresses.3. Generation of layouts of reinforcement via topology
optimization
To introduce the optimization problem in discrete form, let us
ﬁrstly consider a plane stress ﬁnite element discretization for any
masonry layer subjected to prescribed loads and constraints. Underthe assumption of perfect bonding, a ﬁber-reinforced layer can be
modeled as an additional in-plane stiffness contribution to the
underlying brickwork.
This simplistic assumption obviously disregards an important
brittle phenomenon that can take place for masonry structures
strengthened with externally bonded strips, that is, delamination.
A ﬁrst improvement of the approach proposed would be to conven-
tionally keep the tensile stress acting in the FRP along the longitu-
dinal direction below a certain threshold: this expedient is
suggested by the Italian Guidelines CNR DT 200 (2004), to indi-
rectly avoid the delamination of the FRP strip from the support.
More sophisticated approaches could be employed, relying for in-
stance upon the introduction of brittle interfaces between masonry
and FRP: this possibility will be explored in the continuation of the
research.
Conventional approaches for two-dimensional topology optimi-
zation consider a single structural layer to deﬁne the optimal dis-
tribution of isotropic material that minimizes the overall strain
energy for a prescribed amount of material, see e.g. Bendsøe and
Kikuchi (1988). Basically, this amounts at replacing the original
layer with an equilibrated structure that exhibits the maximum
stiffness among the possible solutions sharing the same material
volume. The optimal distribution of isotropic material is usually
Fig. 15. Windowed panel, Case A. Optimal distribution of ﬁber-reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
Fig. 16. Windowed panel, Case A. Normal positive stress within FRP elements along the ﬁber direction (in MPa) according to Tsai–Wu criterion (a) and to the homogenized
strength criterion (b).
Fig. 17. Windowed panel, Case A. Difference between the optimal orientation of the ﬁbers and the direction of the maximum (tensile) principal stress in the underlying
brickwork according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b); angles measured in sexagesimal degrees.
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Fig. 18. Windowed panel, Case A. Optimal ﬁber orientation of the reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
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ment-wise constitutive law through a suitable interpolation of
the Young modulus. Denoting by qk the (normalized) material den-
sity in the k-th element, with qmin 6 qk 6 1, the so-called SIMP law
allows the Young modulus of the element to be expressed as
EðqkÞ ¼ qpkE0, where E0 is the Young modulus of the virgin material,
i.e. for qk = 1, and pP 1 (see e.g. Bendsøe and Sigmund, 2003). The
SIMP interpolation affects the stiffness matrix of the discretized
problem that simply reads K(qk) = qpk K0, being K0 the conventional
plane stress matrix computed in case of ‘‘full material’’, i.e. for
qk = 1. Conversely, for qk = qmin > 0, a very compliant medium is
achieved that approximates a ‘‘void’’ phase. In most cases the
adoption of a SIMP law with penalization power p = 3 provides
smooth convergence of the minimization algorithm to pure 0–1
solutions, i.e. optimal designs made of ‘‘void’’ and ‘‘full material’’,
without the arising of undesired ‘‘grey’’ regions.
Extending the above theoretical framework, one may approach
the problem of reinforcing an existing structural element by deﬁn-
ing two sets of element-wise minimization unknowns, i.e. qk and
hk, and expressing the stiffness of the reinforced structure accord-
ing to the following expression:KTkðqk; hkÞ ¼ KMk þ qpkKRkðhkÞ: ð12ÞIn the above equation, KTk is the element plane stress matrix of
the reinforced brickwork, which includes the contribution of the
underlying masonry structure, KMk, along with the term account-
ing for the ﬁber-reinforcement, KRk. The term KRk depends on the
unknown orientation of the ﬁbers, hk, and is scaled to the unknown
density of the reinforcement qk through the SIMP-like law. Both
terms KMk and KRk are computed taking into account the orthotro-
pic features of the constitutive laws of the involved materials. The
stiffness matrix of any FE discretizing the unreinforced brickwork
is deﬁned as KMk ¼
R
Vk
BTkD
M
k BkdV , where Vk is the volume of the ﬁ-
nite element, Bk its strain-displacement matrix, and Dk the matrix
of the elastic constants in the global reference frame Ox1x2. Assum-
ing that the symmetry axis (x,y) of brickwork are aligned at any
point with the global reference frame, the stress–strain laws for
the k-th element of the existing masonry layer can be expressed
as rMk ¼ DMek, where the strain array ek is computed from the dis-
cretized displacement ﬁeld. Explicitly:rM11
rM22
rM12
2
64
3
75
k
¼ 1
1 mxymyx
Ex mxyEx 0
myxEy Ey 0
0 0 Gxyð1 mxymyxÞ
2
64
3
75
e11
e22
2e12
2
64
3
75
k
;
where Ex and Ey are the Young moduli of the masonry layer, Gxy is
the shear modulus and mxy, myx are the Poisson’s ratios, with
Exmxy = Eymyx.
To model a ﬁber-reinforcement exhibiting a prevailing stiffness
along a single direction, a vanishing elastic modulus is considered
in the direction perpendicular to the ﬁbers. The possible orienta-
tions of the ﬁbers, the unknowns hk, are unconstrained, meaning
that the reinforcement can be oriented along any direction in
the plane of the masonry element, see also Bendsøe et al.
(1994). Similarly, the stiffness matrix of any FE discretizing the
reinforcing layer is deﬁned as KRk ¼
R
Vk
BTkD
R
kBkdV . In the global
reference frame Ox1x2, the stress–strain law for the k-th element
of the reinforcing layer reads rRk ¼ DRkek, where DRk can be ex-
pressed as DRk ¼ TkD^RkTTk being D^Rk the matrix of the elastic con-
stants in the reference frame of the material symmetry axes
and Tk a transformation matrix (see e.g. Brebbia and Connor,
1973). Explicitly:
rF11
rF22
rF12
2
64
3
75
k
¼ qpk½Tk
EF 0 0
0 0 0
0 0 0
2
64
3
75½TTk
e11
e22
2e12
2
64
3
75
k
;
with ½Tk ¼
cos2 h sin2 h  sin 2h
sin2 h cos2 h sin 2h
1
2 sin 2h  12 sin 2h cos 2h
2
64
3
75
k
;
where EF is the Young modulus of the reinforcement along the ﬁber
direction. The above expression points out that the stiffness of the
composite layer depends on the density q, that governs the material
distribution, as well as on the ﬁber orientation h in the k-th element.
The optimal layout of ﬁber-reinforcement is deﬁned by the dis-
tribution of reinforcing material, along with the relevant orienta-
tion of the ﬁbers, that minimize the weight of the added phase
and make the stress state throughout the whole underlying ma-
sonry structure admissible according to the criterion deﬁned in
the previous section. The discrete version of the stress-constrained
topology optimization problem implemented in this work may be
therefore written as:
Fig. 19. Windowed panel, Case A. (a) Tsai–Wu criterion; (b) homogenized failure surface. Top: stress state in the most critical points in the 3D stress space. Center: contours
of the failure surface at different Rxy values. Bottom: location of the corresponding points in the panel.
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qk ;hk
Xn
k¼1
qkAktF s:t:
KM þ qpKRðhÞð Þu ¼ f
FMðrM;kij Þ 6 0; k ¼ 1; . . . ;m
qmin < qk 6 1; k ¼ 1; . . . ; n
0 6 hk 6 p; k ¼ 1; . . . ;n:
8>>>>><
>>>>>:
ð13ÞThe objective function of the above equation is the weight of the
reinforcement, being Ak the area of the k-th ﬁnite element with
prescribed reinforcement thickness tF, qk the corresponding den-
sity unknown, and n the number of ﬁnite elements. Recall that
any element is also related to the additional optimization un-
known hk deﬁning the local orientation of the ﬁbers. Reference is
also made to free material optimization, for additional details on
Fig. 20. Windowed panel, Case B. Optimal distribution of ﬁber-reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
Fig. 21. Windowed panel, Case B. Normal positive stress within FRP elements along the ﬁber direction (in MPa) according to Tsai–Wu criterion (a) and to the homogenized
strength criterion (b).
Fig. 22. Windowed panel, Case B. Difference between the optimal orientation of the ﬁbers and the direction of the maximum (tensile) principal stress in the underlying
brickwork according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b); angles measured in sexagesimal degrees.
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Fig. 23. Windowed panel, Case B. Optimal ﬁber orientation of the reinforcement according to Tsai–Wu criterion (a) and to the homogenized strength criterion (b).
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sen, 1989).
The ﬁrst constraint of the optimization problem (13) enforces
the equilibrium equation for the reinforced structural element in
weak form, within the framework of a classical displacement-
based FE formulation. The global stiffness matrix may be split
into two contributions related to the underlying masonry ele-
ment, KM, and the overlying ﬁber-reinforcement, KR, as derived
from the element-wise forms of Eq. (10). The second require-
ment consists of a sets of local constraints that enforce the
strength criterion presented in the previous section, involving
the components of the stress tensor in the masonry layer. These
are gathered in the rM;kij , referring to the k-th element. The term
rM;kij may be computed at the centroid of each ﬁnite element
according to the displacement ﬁeld derived at equilibrium by
means of a post-processing computation that recovers the stress
state in the masonry layer. Additionally, all the inequalities pre-
scribed by the adopted strength criteria are evaluated for each
ﬁnite element to be constrained, while only a few are imple-
mented as effective enforcements according to the selection
strategy presented by Bruggi and Duysinx (2012) following Duy-
sinx and Bendsøe (1998). A stress-based multi-constrained opti-
mization procedure is mainly driven by a limited set of ‘‘active’’
constraints, which control the elements where the stress is close
to the prescribed material strength. The remaining ‘‘inactive’’
constraints refer to low-stressed regions that do not affect the
optimization procedure signiﬁcantly, while their numerical treat-
ment is computationally expensive. Indeed, one may check the
values FMðrM;kij Þ over the n elements of the mesh and include
in the optimization procedure a reduced subset of m element-
based constraints, which neglect regions with values of
FMðrM;kij Þ that are much lower than zero in Eq. (13). Since the
optimization of the ﬁber-reinforcement is mainly driven by the
regions of the masonry panel where the stress is close to the
tensile strength of the material, the enforcements acting over
elements that are far from this threshold (e.g. the regions sub-
jected to compression only) can be conveniently disregarded.
This approach allows the number of ‘‘active’’ constraints to be
signiﬁcantly reduced, as a very limited set of local enforcements
(m n) are enforced in the optimization to provide an afford-
able and efﬁcient solution of the multi-constrained minimization
problem.
Since stress-constraints are enforced on a ﬁxed phase of the
domain, i.e. the masonry layer, the well-known singularity
problem does not affect the minimization procedure, and norelaxation is required to handle stress constraints, see e.g. Bruggi
(2008).
The presented optimization problem is solved by means of
mathematical programming (Svanberg, 1987) and calls for the sen-
sitivity analysis of objective function and constraints on the two
sets of variables, i.e. qk and hk. The starting guess for the density
unknowns consists of a full reinforcement of the structural ele-
ment, which means qk = 1 all over the domain. The initial orienta-
tion of the ﬁbers matches the direction of the largest principal
stress in the unreinforced masonry, with the main aim of starting
the optimization procedure from a guess that is feasible in most
of the domain under the assumption of tension-only reinforce-
ment. This information may be easily computed at the beginning
of the optimization procedure running a preliminary linear elastic
analysis and enforcing qk = 0 all over the structure. The gradient-
based algorithm minimizes the volume of tensile-stressed rein-
forcement ﬁnding optimal ﬁber directions that turn out to be
strictly related, but not equal, to the direction of the tensile princi-
pal stresses of the underlying element. This will be further
discussed in the next section. In presence of compressive stresses
in the reinforcing layer, a suitable set of constraints could be
implemented to recover a tension-only behavior.4. Comparison with available experimental data
In order to assess the capabilities of the numerical optimization
approach proposed in predicting the distribution of FRP corre-
sponding to the maximum increase in strength, some experimental
data available in the literature regarding diagonal compression
tests on masonry wallettes are ﬁrst considered.
Consolidated experimental data regarding diagonal compres-
sion tests performed on strengthened masonry specimens have
been provided e.g. by Tinazzi and Nanni (2000) and by Luccioni
and Rougier (2011). These authors tested square masonry wallettes
with various types of reinforcement (horizontal strips only; hori-
zontal and vertical strips; diagonal strips). The wallettes have
dimensions L  H = 600  600 mm (see Fig. 5) and are built in sin-
gle leaf by means of bricks of dimensions a  b  t = 180 
57  90 mm; the thickness of the mortar joints is 10 mm.
The mechanical properties of the constituent materials were
experimentally determined by Tinazzi and Nanni (2000). In partic-
ular, bricks have a Young Modulus of 12 GPa, a Poisson ratio of
0.28, a high compressive strength (27 MPa) and a tensile strength
equal to 3.7 MPa. Mortar has a Young modulus of 1.7 GPa, a Poisson
Fig. 24. Windowed panel, Case B. (a) Tsai–Wu criterion; (b) homogenized failure surface. Top: stress state in the most critical points in the 3D stress space. Center: contours
of the failure surface at different Rxy values. Bottom: location of the corresponding points in the panel.
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strength equal to 0.56 MPa: the latter properties actually deﬁne
the mortar–brick interface strength.
The same mechanical properties are assumed in the numerical
simulation to distribute and orient the minimum amount of rein-
forcing material that allows a prescribed external load to be carried
by the masonry element subject to the Tsai–Wu criterion, see
Table 2. An overlying layer of thickness tF = 0.4 mm disposed on
both sides of the specimen is considered, with a Young modulus
EF = 160 GPa along the ﬁber direction. The diagonal compressionforce is of 95 kN, a value very near to that found at failure
(90 kN) by Tinazzi and Nanni (2000) by means of a mono-direc-
tional reinforcement constituted by 4 strips 100 mm wide. The
experimental failure load in absence of reinforcement was near
65 kN.
Fig. 6 shows the optimal distribution of ﬁber-reinforcing mate-
rial (black regions), along with the optimal direction of the ﬁbers.
Basically, the optimal reinforcement consists in an arrangement
of adjacent diagonal strips that share almost the same direction,
perpendicular to the compressive ﬂow, thus coping with the ten-
M. Bruggi et al. / International Journal of Solids and Structures 50 (2013) 2087–2106 2103sile stresses that arise due to the spreading of the applied diagonal
compression over the wallet. According to the experimental inves-
tigation by Luccioni and Rougier (2011), diagonal strips were found
to perform better than the other layouts in terms of peak load. The
performed preliminary numerical investigation conﬁrms that the
proposed stress-based approach is able to provide optimal rein-
forcing layouts that are in full agreement with those obtained
experimentally and may therefore be applied to more general case
studies.5. The case studies considered
In order to test the topology optimization approach presented
above at a structural level, two meaningful real scale examples of
masonry panels subjected to complex stress states are discussed.
In particular, the ﬁrst example is a square masonry panel acting
as a deep beam. It is shown how, when the external load is in-
creased, both a horizontal and a diagonal reinforcement are needed
to keep the stress in the panel within the admissible domain. Non
negligible differences may be obtained for a given external load
assuming either a Tsai–Wu or a homogenized failure criterion.
The second example is a windowed panel subjected to vertical
pre-compression and shear, both applied at the top edge. Again,
from simulations results, it is found that a diagonal reinforcement
is needed, with slight differences in the layout, depending on the
adopted strength criterion.
The elastic parameters employed for brickwork in the numeri-
cal applications were found in the literature for panels tested up
to failure (Grande et al., 2008) and are listed in Table 1. As usual,
x is an axis parallel to the bed joints and y to the head joints.
The strength properties of the constituent materials within the
homogenization model are summarized in Table 1, where the coef-
ﬁcients of the phenomenological Tsai–Wu criterion are also re-
ported. Homogenized and Tsai–Wu failure surface sections at
different orientations of the bed joint to the principal stress R11,
used for masonry at a structural level have been already discussed
in the previous section, see Fig. 4. Here it is worth noting only that,
at a structural level, the behavior of the models in the tension–ten-
sion region is crucial, since the optimization performed at a struc-
tural level provides reinforcement when principal stresses on
masonry exceeds tensile strengths.5.1. Deep beam
A reinforced deep beam of dimensions 300  300 cm2 (length
L  height H) and thickness s equal to 250 mm made of header
bond brickwork is considered, as depicted in Fig. 7. The panel is
supposed to be built with standard Italian bricks; the size of bricks
and joints is that given in Section 2.3. As a header bond texture is
considered, a and b in Fig. 7 are equal to 120 and 55 mm,
respectively.
The wall is supposed to be ﬁxed to the ground by means of two
rigid devices of length Ls equal to 40 cm, symmetrically placed near
the corners of the lower side. In the numerical model, displace-
ments and rotations are enforced to vanish along the constrained
boundary. A vertical load of resultant P is evenly distributed along
the central region of the upper side of the specimen (width 40 cm).
The panel is discretized by means of about 4000 square elements.
The formulation for the topology optimization of ﬁber-rein-
forcement is implemented with the aim of distributing and orient-
ing the minimum amount of material for an overlying layer of
thickness tF = 0.2 mm disposed on both sides of the wall, with a
Young modulus EF = 160 GPa along the ﬁber direction. The stress
in the reinforced masonry panel must fully comply with thestrength criteria presented in the previous sections and deﬁned
by the parameters listed in Table 1.
The minimum weight solutions, according to the selected ma-
sonry strength criteria, are summarized in Figs. 8–11. In particular,
Fig. 8 shows the optimal distribution of ﬁber-reinforcing material
(black regions stand for ﬁber-reinforced zones), and Fig. 9 the nor-
mal stress on FRP elements. In Fig. 10 colored contour plots of the
difference between the optimal orientation of the ﬁbers and the
direction of the maximum (tensile) principal stress in the underly-
ing masonry is depicted. In the latter ﬁgure, angles are measured in
sexagesimal degrees. As one may easily see, the optimal orienta-
tion of the ﬁbers is somehow related to the direction of the tensile
principal stresses of the underlying panel. This ﬁeld may be conve-
niently implemented as starting guess for the array h in the optimi-
zation procedure, to improve convergence to the optimal set of
orientations. Finally, Fig. 11 shows the orientation of the reinforce-
ment material. Looking for regions which share a nearly homoge-
neous distribution in terms of ﬁber orientation, one may easily
identify the optimal layout of FRP strips to be applied on the ma-
sonry panel. In particular, a horizontal strip should be placed at
the bottom of the element to reduce horizontal tensile stresses
due to bending. Additionally, a sort of V-shaped reinforcement
should be conveniently introduced, to allow masonry transferring
the vertical load to the ground by means of compressed inclined
struts.
From a comparative analysis of the numerical results obtained
with both models, the following considerations may be drawn:
1. For a ﬁxed external load of 200 kN, the Tsai–Wu macroscopic
model requires much more reinforcement than that required
by the homogenized approach. Indeed, at 200 kN, the reinforce-
ment required to fulﬁll the homogenized criterion is negligible.
Nearly the same amount of reinforcement (about 17% of the
area of the wall) is obtained loading the panel with Tsai–Wu
criterion at 200 kN and with the homogenized criterion at
230 kN, that is, with a difference in terms of external load of
about 15%.
To further support this conclusion, an additional investigation is
performed considering higher loads along with an overlying
layer of increased thickness tF = 3  0.2 mm disposed on both
sides of the wall. In Figs. 13 and 14 the optimal distributions
of ﬁber-reinforcing material (black regions) obtained at a load
of 240 kN is represented, along with the optimal orientation
of ﬁbers. The result displayed in Fig. 13(a) refers to the
Tsai–Wu macroscopic model and shows that an arrangement
similar to that found in Fig. 8(a) allows a higher load of
240 kN to be carried, provided that the thickness of the rein-
forcement is increased. Fig. 13(b) shows that, at the same load
of 240 kN, the amount of reinforcement required by the
homogenized approach is much less than that required by the
Tsai–Wu macroscopic model and basically consists in a hori-
zontal strip.
2. During the ﬁnal part of the optimization procedure, 42 con-
straints are active at 230 kN if the homogenized surface is used,
against 24 for the Tsai–Wu failure criterion at 200 kN, thus
highlighting some evident local differences related to the choice
of the strength criterion. Although macroscopically very similar
design patterns are obtained, the homogenized surface model
takes more advantage of the introduction of the strips, as
slightly higher tensile stresses are obtained in the FRPs (Fig. 8).
3. Comparing Tsai–Wu and homogenization models with an
applied external load equal to 200 and 230 kN respectively, in
Fig. 12 the stress state of the masonry elements under the FRP
reinforcement is depicted. The representation includes also
Tsai–Wu and homogenized failure surfaces (semi-transparent
surfaces) in the Rxx  Ryy  Rxy space. Different symbols
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used for each point, so that each symbol drawn on the panel
(sub-ﬁgures at the bottom) corresponds to a stress point in
the macroscopic in-plane stress space. As it is possible to notice,
the elements under the horizontal reinforcement exhibit a
stress state near the limit surface and are mainly subjected to
uniaxial horizontal stress. Conversely, the stress in the elements
under the diagonal strips is characterized by non-vanishing Ryy
and Rxy components. Some of the stress points are quite far
from the boundary of the strength domain. This is not surpris-
ing, as the role played by the diagonal reinforcement is mainly
transferring the load from the wall mid-section to the supports,
rather than limiting the tensile stresses in masonry along a
direction parallel to the reinforcement.
4. The orientations of the diagonal strips are quite similar in the
two models, with little but perceivable differences on some lim-
ited zones of the strips. Such discrepancy may be easily
explained by the different shape of the surfaces, with an almost
systematic greater strength provided by the homogenization
model compared to the Tsai–Wu model in the tension–tension
region.
It should be ﬁnally remembered that, in the optimization proce-
dure proposed, an external load is a priori ﬁxed as input variable
and the corresponding minimum reinforcement required to com-
ply with any given strength criterion is furnished by the algorithm
as output information. The presentation of the results, hence, is
aimed at showing that, at the same external load, different rein-
forcement volumes are required by the two strength criteria as-
sumed for masonry. Conversely, similar reinforcement patches
can be obtained at different external loads, see Figs. 8 and 13.
5.2. Windowed shear panel with vertical pre-compression
A windowed panel of dimensions 300  300 cm2 (length
L  height H), thickness s equal to 250 mm and central opening
of dimensions 75  150 cm2 (length Lw  Hw), made of header
bond brickwork is considered, as schematically depicted in
Fig. 7(b). The size of the bricks and the joints is the same used in
the previous example, and described in Section 2.3.
The lower base of the wall is ﬁxed to the ground. The wall is ver-
tically pre-compressed and loaded horizontally by a uniform shear
stress acting on the upper edge, as shown in Fig. 7(b); the resultant
of the horizontal load will be denoted by V.
Two different levels of vertical pre-compression are considered
hereafter, namely ryy = 0.10 MPa (75 kN) and ryy = 0.025 MPa
(18.75 kN): the two cases are labeled as Cases A and B in the
numerical simulations. For Case B, the vertical pre-compression
is quite low, and hence it is expected that a non negligible zone
near the lower edge is called to withstand considerable tensile
stresses when a shear load on the top is applied, meaning that a
vertical reinforcement is likely to be needed. Conversely, a higher
pre-compression (Case A), has the general beneﬁcial effect of lim-
iting the zone undergoing positive stresses near the base, so that
no vertical reinforcing strips are required.
The numerical results provided by the topology optimization
procedure are summarized from Fig. 15 to Fig. 19 when dealing
with Case A, and from Fig. 20 to Fig. 24 for Case B.
In particular, Figs. 15 and 20 show the optimal distribution of
ﬁber-reinforcing material (in black), Figs. 16 and 21 the normal po-
sitive stress within the FRP elements along the ﬁber direction,
whereas in Figs. 17 and 22 colored contour plots representing
the difference between the optimal orientation of the ﬁbers and
the direction of the maximum (tensile) principal stress within
the underlying masonry elements are depicted (angles are mea-sured in sexagesimal degrees). As in the previous case, the optimal
orientation of the ﬁbers is related to, but not coinciding with, the
direction of the tensile principal stresses of the underlying panel.
The orientation of the reinforcing ﬁbers required are depicted in
Figs. 18 and 23 for Cases A and B, respectively.
From a comparative analysis of the numerical results obtained
with both models, the following considerations can be drawn:
1. When dealing with Case A, results refer to a shear load applied
on the top edge equal to 15 kN or to 16 kN, depending on
whether the Tsai–Wu or the homogenized strength criterion
are considered for masonry, respectively. The differences in
the FRP distribution are small but perceivable, especially near
the left lower edge corner of the central opening, but also on
the right upper corner of the window (see Figs. 15 and 20).
2. For Case A, when a Tsai–Wu strength domain is assumed for
masonry, design solution seems to require more reinforcement
near the corners (especially the lower left one); the disposition
of the strips resembles a sort of hooping around the opening.
FRP tensile stress is again slightly higher when a homogenized
criterion for masonry is assumed (see Fig. 16).
3. Assuming that the volume of the ﬁber reinforcement is approx-
imately the same for the Tsai–Wu and the homogenized failure
criterion, which corresponds to the results reported in Figs. 15–
18 (Case A), it is interesting to notice that the associated shear
load is slightly different, with a difference of about 6%. Again the
homogenized model is compatible with values of the applied
load, as expected, since the relevant strength domain is some-
how larger in the tension–tension region, i.e. where reinforce-
ment with FRP is required, see Fig. 4.
4. Similarly to the previous example, the points representative of
the stress in the masonry elements under the reinforcement
are depicted in Fig. 19 and Fig. 24, for Cases A and B, respec-
tively, along with the corresponding strength domain; the loca-
tion of the elements within the panel is also shown. It is
interesting to notice that, in both cases, the stress at most
points is much lower than the allowable one. This is not surpris-
ing, and is conﬁrmed by the limited number of constraints
active at the end of the optimization procedure (i.e. 4, irrespec-
tive of the load case and the strength criterion employed). They
refer to the stress concentrations arising at the opposite corners
of the window subjected to tensile stresses. Both stress peaks
govern the distribution of reinforcing material throughout the
optimization procedure.
5. When dealing with Case A, it is particularly evident that the
optimization approach provides a solution characterized by at
least the disposition of four FRP strips (see Fig. 15): two hori-
zontal strips (one at the top edge and the other over the win-
dow lintel), and two strips inclined at an angle of
approximately 30 at the two opposite highly-stressed corners
of the opening. This layout aims at limiting as much as possible
the diffusion of tensile stresses throughout the masonry ele-
ment. Without any reinforcement, the formation of diagonal
cracks is likely to occur near the two zones of stress concentra-
tion near the upper right and lower left corners of the central
opening.
6. As the vertical pre-compression decreases (Case B), horizontal
cracks near the lower edge may occur, associated to positive
vertical principal stresses. Accordingly, the optimization proce-
dure puts some additional vertical reinforcement near the ver-
tical right edge. In this case, the horizontal load applied to the
wall using the Tsai–Wu or the homogenized criterion is equal
to 10 and to 10.5 kN, respectively; in both cases, the area of
the reinforcement is equal to about 38% of that of the entire
wall.
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A novel procedure was developed to achieve the optimal layout
of FRP reinforcements for masonry structures based on a rational
approach of topology optimization. Unlike existing procedures
(Krevaikas and Triantaﬁllou, 2005), which assume a-priori a sort
of ground mesh through which the optimal reinforcing array has
to pass, the adopted framework distributes the reinforcement
without any a priori constraint on its layout.
The practical applicability of the optimization procedure is very
straightforward, giving direct information on the number, width,
length and disposition of the FRP strips to be applied on a wall
loaded by a prescribed external load (see Figs. 8, 13, 15 and 20)
in order to avoid that the masonry strength at any point is ex-
ceeded, especially under tensile stresses. Contrary to intuition,
the orientation of the reinforcing ﬁbers can sensibly differ from
the direction of the principal tensile stresses in the underlying ma-
sonry element (see Figs. 10, 17 and 22). From the results of the
simulations presented, similar reinforcement layouts are obtained
with the two failure criteria employed; the corresponding external
loads, however, may sensibly differ in some cases. Although the
values of the uniaxial tensile strengths are set to be equal, gener-
ally the homogenized strength domain is less conservative than
Tsai–Wu criterion.
The proposed approach can be virtually applied to any ma-
sonry element, irrespective of the complexity of its geometry.
Existing cracks can also be taken into account. The choice of the
objective function and the constraints can be modiﬁed, to comply
with any additional requirement of the designer. For instance, the
global structural stiffness, or its bearing capacity, could be
maximized for a prescribed quantity of reinforcement, keeping
the stress in the masonry element below a certain threshold,
and so on.
Whereas the developed methodology is able to provide
useful technical suggestions on the orientation of the reinforce-
ment to be selected, some important approximations upon which
the procedure relies must be recalled: (a) perfect bonding between
masonry and reinforcement; (b) rigid-plastic behavior for
masonry. To overcome these approximations, further develop-
ments of the model are under study, the most important
being the implementation of a brittle behavior for masonry in
tension.
In the current version, the reinforcing array is assumed to con-
sist of unidirectional FRPs: future extensions of the research will
entail the generalization of the proposed procedure to multidirec-
tional reinforcements, which are often employed in the applica-
tions. Also, the sensitivity of the optimal layout to the choice of
the strength criterion employed for the unreinforced masonry
should be estimated. Another important issue that has to be dealt
with in the prosecution of the research is the control of the inter-
laminar shear stresses, which are responsible for the debonding of
the reinforcing layers: these stresses require structural theories
more accurate than the plane stress analysis employed so far to
be captured.
To deal with this important technical problem, the introduction
of brittle interfaces between FRP and masonry able to take into ac-
count delamination phenomena, especially at the anchorage zones,
is needed.
The extension of the proposed approach to the prediction of the
optimal reinforcement of out-of-plane loaded masonry elements
and curvilinear geometries (arches and vaults) will be also dealt
with, exploiting the theoretical model developed by Milani
(2009). Finally, the possibility of assessing the effectiveness of
the numerically obtained layouts through experiments on full scale
reinforced masonry specimens has been planned.References
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